We prove that for any convex pentagon there are two disks, among the five disks having a side of the pentagon as diameter and the midpoint of the side as its center, that do not intersect. This shows that K 5 is never the intersection graph of such five disks.
such sequences are preperiodic, with eventual period 4, and that they are chaotic for some class of quadrilaterals. Also well known are Malfatti's problem which given a triangle asks for three non-overlapping disks of maximum total area contained in the triangle [12] , and the seven circles theorem [3] that given a closed chain of six circles all tangent to, and enclosed by, a seventh circle and each tangent to its two adjacent ones, states that the three lines drawn between the opposite pairs of tangency points on the seventh circle are concurrent.
The innocent looking problem treated here, also posed in [1] , turned out to be quite hard to solve for us. To give some insight, let us consider the example in Figure 1A . The two disks corresponding to sides AB and CD do not intersect. This is equivalent to saying that the distance between the midpoints M AB and M CD of the segments AB and CD, respectively, is larger than the sum of the radii of the two disks, equal to half of the sum of the lengths of AB and CD. Thus, a first natural approach is trying to prove that the sum of the five distances between the midpoints (that is, the dotted edges in Figure 1A ) is bigger than the perimeter of the pentagon. But this is not always the case. Another quite natural approach is to connect an interior point P of the pentagon with the five vertices of the pentagon and consider the angles at P . It follows from Thales' Theorem that P lies in the disk with, say, diameter AE if and only if the angle ∠AP E is at least π/2. In Figure 1B , P lies outside the disks with diameters AB, BC and DE. Clearly, no point P lies in more than three of the five disks, since otherwise the five angles around P would sum more than 2π. One could then use a fractional version of Helly's theorem (Theorem 12 in [11] ), which states that if among all the 10 triples of the five disks, more than 6 triples have a point in common, then there exists a point contained in 4 disks. We conclude that there are at least 4 triples of disks without a common intersection. However, it remained elusive to us to solve the problem with a Helly-type approach. A different successful approach is given in the following.
Notation: Given three different points p, q, and r of the plane, let (p, q) denote the straight line containing both p and q, pq ⊂ (p, q) the segment with endpoints p and q, |pq| the length of pq, h(p, q) the halfline emanating from p and containing q, and ∠pqr the angle not bigger than π with vertex q and sides h(q, p) and h(q, r). Let D p,q denote the disk that has the segment pq as diameter. We say that a (convex) quadrilateral is tangential if each of its sides is tangent to the same given disk contained in the quadrilateral. Every time that we define a polygon by enumerating its vertices, the vertices are given in counter-clockwise order.
Outline of the proof: Given the vertices A, B, C, D, and E of a convex pentagon, there exists a disk C contained in the pentagon and three consecutive sides, say the sides EA, AB, and BC, such that: C is tangent to these three sides, the lines (E, A) and (B, C) intersect at a point denoted P , and the interior of C and P are in different halfplanes bounded by the line (A, B) (see Figure 7) . Then, we consider the disk C P with center P and boundary passing through the points of tangency between C and the sides EA and BC, and prove that: the disk D A,B is contained in C P (Lemma 3), and at least one between the disks D C,D and D D,E does not intersect C P (Lemma 4 and Lemma 5). This implies the result of this paper (Theorem 7).
Outline of the paper: We start in Section 2 by proving the technical results (lemmas 3, 4, 5, and 6) that will allow us to prove our main result in Section 3 (Theorem 7).
Technical lemmas
Theorem 1 (Apolonio's Theorem). Let P , Q, and R be three different points of the plane, and let M denote the midpoint of the segment QR (see Figure 2A) . Then, the length |P M | satisfies:
A known fact that we will use is the following one: Given a disk and a point outside the disk, the two lines passing through the point and tangent to the disk define two segments of equal lengths. Each segment connects the point with a point of tangency between one of the lines and the disk.
Lemma 2 (Diagonal of a tangential quadrilateral [4] ). Let P , Q, R, and S be the vertices of a tangential quadrilateral, tangent to the disk C. Let T 1 , T 2 , T 3 , and T 4 denote the tangent points between the sides P Q, QR, RS, and SP and C, respectively. Let Figure 2B ). Then, the length |P R| satisfies:
Lemma 3. Let C be a disk and let P be a point not contained in C. Let T 1 and T 2 be the points of the boundary of C such that the lines (P, T 1 ) and (P, T 2 ) are tangents to C. Let A be a point in the segment P T 1 and B a point in the segment P T 2 such that the segment AB is tangent to C (see Figure 3) . Then, the disk D A,B is contained in the disk with center P and radius
Proof. Let a = |P T 1 | = |P T 2 |, b = |AT 1 |, and c = |BT 2 |. Let M denote the midpoint of the segment AB, and note that |P A| = a − b, |P B| = a − c, and |AB| = b + c. To prove the result, it suffices to prove that Note that
by Theorem 1, and that |M A| = (b + c)/2. Since b ≤ a and c ≤ a, which implies (b + c)/2 ≤ a, verifying the above equation is equivalent to proving that
This last equation holds since the following inequalities are equivalent
The result thus follows.
Lemma 4. Let C be a disk centered at the point O, and let P be a point not contained in C. Let T 1 and T 2 be the points of the boundary of C such that the lines (P, T 1 ) and (P, T 2 ) are tangents to C. Let E be a point in the halfline h(P, T 1 ) \ P T 1 and D = E a point in the convex wedge bounded by h(P, T 1 ) and h(P, O) such that: h(E, D) intersects with h(P, O), and (E, D) does not intersect the interior of C (see Figure 4) . Then, the disk D D,E does not intersect the disk with center P and radius
Proof. Let C P denote the disk with center P and radius |P T 1 | = |P T 2 |, and D the intersection point between h(E, D) and h(P, O). Let S ∈ h(P, T 1 ) \ P T 1 and R ∈ h(P, O) \ P O be the points such that the line (S, R) is parallel to (E, D ) and tangent to the disk C at the point T 4 . Let Q denote the reflection point of S about the line (P, O), and note that the quadrilateral with vertices P , Q, R, and S is a tangential quadrilateral, tangent to C. Let T 3 denote the point of tangency between the segment QR and C, and a = |P Let M denote the midpoint of the segment SR, which satisfies that |M S| = (b + c)/2. We claim that
Indeed, by Theorem 1, we have that
and the inequalities
are all equivalent and hold given that a, b > 0, which imply the claim. Let M denote the midpoint of the segment ED . Since the triangle with vertices P , R, and S and the triangle with vertices P , D , and E are similar, we have that |P M | = λ · |P M | and |M E| = λ · |M S|, where λ = |P E|/|P S| = |P D |/|P R| = |ED |/|SR| ≥ 1 is the similarity ratio between these triangles. Then, since |P M | − |M S| > |P T 1 | > 0, we have that
This immediately implies that the disk
Lemma 5. Let C be a disk centered at the point O, and let P be a point not contained in C. Let T 1 and T 2 be the points of the boundary of C such that the lines (P, T 1 ) and (P, T 2 ) are tangents to C. Let E be a point in the halfline h(P, T 1 ) \ P T 1 and D = E a point in the interior of the convex wedge bounded by h(P, T 1 ) and h(P, O) such that: h(E, D) does not intersect with h(P, O), and (E, D) does not intersect the interior of C (see Figure 5) . Then, the disk D D,E does not intersect the disk with center P and radius
Proof. Let α ∈ (0, π/2) denote the angle formed by h(P, E) and h(P, O), and β ∈ (0, α] the angle formed by h(P, E) and (E, D) (see Figure 5) . Let E be the point in h(P, T 1 ) \ P T 1 such that the line different from (P, E ) containing E and tangent to C, denoted γ, is parallel to the line (E, D). Let τ be the line perpendicular to γ that contains E , and T 3 denote the point of tangency between γ and C. Let a = |P T 1 | = |P T 2 |, b = |E T 1 | = |E T 3 |, and r denote the radius of C. Since the lines γ and τ are perpendicular, the angle formed by the lines (P, E ) and τ is equal to π/2 − β. Then, the distance dist(P, τ ) from the point P to the line τ satisfies
Note that ∠T 1 E T 3 = π − β. Then, since the line (O, E ) bisects the angle ∠T 1 E T 3 , we have that
because the segment OT 1 satisfying |OT 1 | = r is perpendicular to the line (P, E ). On the other hand, note that a = r · cot α. Putting the above observations together, the next inequalities
are all equivalent and hold given that β > 0 and 0 ≤ α − β < α < π/2. Since by construction the line τ either does not intersect the disk D D,E or is tangent to D D,E at the point E = T 1 , we can guarantee that the disk D D,E does not intersect the disk with center P and radius |P T 1 | = |P T 2 |. The lemma thus follows.
Lemma 6. Any convex n-gon, n ≥ 5, contains a disk C tangent to three consecutive sides, such that: the lines containing the first and third sides, respectively, are not parallel and further their intersection point and the interior of C belong to different halfplanes bounded by the line containing the second side.
Proof. Let P n be a convex n-gon with sides denoted s 1 , s 2 , . . . , s n counter-clockwise. In the following, every disk will be considered to be contained in P n , and for every side s, let (s) denote the line containing s. There exist disks tangent to three consecutive sides and centered at a vertex of the medial axis of P n [7] . The medial axis of a simple polygon is the locus of the points of the polygon that have more than one closest point in the boundary. If the polygon is convex, the medial axis is a tree made of line segments, each contained in the bisector of two sides (see Figure 6A) . Then, let C be a disk of minimum radius among those disks, tangent to the sides s n , s 1 , and s 2 w.l.o.g. If (s n ) and (s 2 ) are not parallel and their intersection point and the interior of C are at different halfplanes bounded by (s 1 ) (see Figure 6A ), then the lemma is proved. Otherwise, if (s n ) and (s 2 ) are not parallel and their intersection point and the interior of C are at the same halfplane bounded by (s 1 ) (see Figure 6B) , then by the minimality of C every side among s 3 , s 4 , . . . , s n−1 must be tangent to C, which implies that every triple of consecutive sides among s 2 , s 3 , . . . , s n together with C satisfy the conditions of the lemma. Finally, if (s n ) and (s 2 ) are parallel (see Figure 6C ), then by the minimality of C the disk C with radius equal to that of C and tangent to the sides s 2 and s n , and to at least one side s i for some i ∈ [3 . . . n − 1], must be tangent to all the sides s 3 , s 4 , . . . , s n−1 . Since n ≥ 5, every triple of consecutive sides among s 2 , s 3 , . . . , s n and the disk C prove the lemma. 3 Main result Theorem 7. In any convex pentagon, there exist two disks among the five disks having a side of the pentagon as diameter that do not intersect.
Proof. Let A, B, C, D, and E denote the vertices of a convex pentagon. Using Lemma 6, there exists a disk C tangent to three consecutive sides, say, the sides EA, AB, and BC, such that: the lines (E, A) and (B, C) are not parallel and intersect at a point denoted P , and the line (A, B) separates the interior of C and the point P (see Figure 7) . Let T 1 and T 2 denote the points of tangency between C and the sides EA and BC, respectively. Let O denote the center point of C, and C P the disk with center P and radius |P T 1 | = |P T 2 |. According to Lemma 3, the disk D A,B is contained in C P . According to Lemma 4 and Lemma 5, if the vertex D belongs to the convex wedge bounded by the halflines h(P, O) and h(P, E), then the disks C P and D D,E do not intersect. Otherwise, the disks C P and D C,D do not intersect. Hence, the disk D A,B does not intersect at least one between the disks D D,E and D C,D , and the result follows.
